Abstract. Generalized Berwald manifolds are Finsler manifolds admitting linear connections such that the parallel transports preserve the Finslerian length of tangent vectors. By the fundamental result of the theory [7] such a linear connection must be metrical with respect to the averaged Riemannian metric given by integration of the Riemann-Finsler metric on the indicatrix hypersurfaces. Therefore the linear connection is uniquely determined by its torsion tensor. If the torsion is zero then we have a classical Berwald manifolds. Otherwise the torsion is a strange data we need to express in terms of quantities of the Finsler manifold. In the paper we are going to give explicit formulas for the linear connections with totally antisymmetric torsion tensor of three-dimensional generalized Berwald manifolds. The results are based on averaging of (intrinsic) Finslerian quantities by integration over the indicatrix surfaces. They imply some consequences for the base manifold as a Riemannian space with respect to the averaged Riemannian metric. The possible cases are Riemannian spaces of constant zero curvature, constant positive curvature or Riemannian spaces admitting Killing vector fields of constant Riemannian length.
Introduction
The notion of generalized Berwald manifolds goes back to V. Wagner [14] . They are Finsler manifolds admitting linear connections such that the parallel transports preserve the Finslerian length of tangent vectors (compatibility condition). The basic questions of the theory are the unicity of the compatible linear connection and its expression in terms of the canonical data of the Finsler manifold (intrinsic characterization). In case of a classical Berwald manifold admitting a compatible linear connection with zero torsion, the intrinsic characterization is the vanishing of the mixed curvature tensor of the canonical horizontal distribution. In general the intrinsic characterization of the compatible linear connection is based on the so-called averaged Riemannian metric given by integration of the Riemann-Finsler metric on the indicatrix hypersurfaces. By the fundamental result of the theory [7] such a linear connection must be metrical with respect to the averaged Riemannian metric. Therefore the linear connection is uniquely determined by its torsion tensor. Following Agricola-Friedrich [1] consider the decomposition
T is the trace tensor of the torsion and
In case of 2D the torsion tensor is automatically of the form (1); see [13] . If the dimension is at least three then the trace-less part can be divided into two further components
by separating the totally anti-symmetric/axial part A 1 . Therefore we have eight possible classes of generalized Berwald manifolds depending on the surviving terms such as classical Berwald manifolds admitting torsion-free compatible linear connections [6] (we have no surviving terms) or Finsler manifolds admitting semi-symmetric compatible linear connections (we have no traceless part) [8] , [9] , [10] and [11] . In the paper we are going to give explicit formulas for the linear connections with totally anti-symmetric torsion preserving the Finslerian length of tangent vectors in case of three-dimensional Finsler manifolds. The results are based on averaging of (intrinsic) Finslerian quantities by integration over the indicatrix surfaces. They imply some consequences for the base manifold as a Riemannian space with respect to the averaged Riemannian metric. The possible cases are Riemannian space forms of constant zero curvature, constant positive curvature or Riemannian spaces admitting Killing vector fields of constant Riemannian length.
Notations and terminology
Let M be a differentiable manifold with local coordinates u 1 , . . . , u n . The induced coordinate system of the tangent manifold T M consists of the functions x 1 , . . . , x n and y 1 , . . . , y n . For any
, where i = 1, . . . , n and π : T M → M is the canonical projection. 
is positive definite at all nonzero elements v ∈ T p M (strong convexity). The so-called Riemann-Finsler metric g is constituted by the components g ij . It is defined on the complement of the zero section because the second order partial differentiability of the energy function at the origin does not follow automatically: if E is of class C 2 on the entire tangent manifold T M then, by the positively homogenity of degree two, it follows that E is quadratic on the tangent spaces, i.e. the space is Riemannian. The Riemann-Finsler metric makes each tangent space (except at the origin) a Riemannian manifold with standard canonical objects such as the volume form dµ = det g ij dy 1 ∧ . . . ∧ dy n , the Liouville vector field C := y 1 ∂/∂y 1 + . . . + y n ∂/∂y n and the induced volume form
on the indicatrix hypersurface Suppose that the parallel transports with respect to ∇ (a linear connection on the base manifold) preserve the Finslerian length of tangent vectors and let X t be a parallel vector field along the curve c :
because of the differential equation for parallel vector fields. If F is the Finslerian fundamental function then
and, by formula (2),
This means that the parallel transports with respect to ∇ preserve the Finslerian length of tangent vectors (compatibility condition) if and only if
where the vector fields of type
span the associated horizontal distribution belonging to ∇.
If a linear connection on the base manifold is compatible to the Finslerian metric function then it must be metrical with respect to the averaged Riemannian metric
Three-dimensional Finsler manifolds admitting compatible linear connections with totally anti-symmetric torsion tensor
Suppose that ∇ is a compatible linear connection of a three-dimensional generalized Berwald manifold. By Theorem 1, such a linear connection must be metrical with respect to the averaged Riemannian metric (7) given by integration of the Riemann-Finsler metric on the indicatrix hypersurfaces. Therefore ∇ is uniquely determined by its torsion tensor. Taking vector fields with pairwise vanishing Lie brackets on the neighbourhood U of the base manifold, the Christoffel process implies that
and, consequently,
where ∇ * denotes the Lévi-Civita connection of the averaged Riemannian metric.
Definition 2. The torsion tensor is totally anti-symmetric if its lowered tensor
Corollary 1. If ∇ is a metrical linear connection with totally anti-symmetric torsion then
and the geodesics of ∇ * and ∇ coincide.
If dim
for some local function f : U → R, where the orientation is choosen such that the coordinate vector fields represent a positive basis. This means that
Taking the Riemannian energy E * (v) := γ(v, v)/2, the Riemann-Finsler metric is g * ij = γ ij • π and the cross product of vertical vector fields is defined by
with bilinear extension. Formula (10) can be written in terms of the induced horizontal structures as follows. Since the horizontal distributions induced by ∇ * and ∇ are spanned by the vector fields
∂y l , respectively, we have, by formula (10) , that
Three-dimensional Finsler manifolds admitting compatible linear connections
with totally anti-symmetric torsion tensor. Let M be a three-dimensional Finsler manifold admitting a compatible linear connection with totally anti-symmetric torsion tensor. Using the comparison formula (11), the compatibility condition (5) gives that
where the vector field V is defined by the formula V :
with respect to the averaged Riemannian metric.
Proof. Since the infinitesimal rotation represented by the matrix 
i.e. the Euclidean norm of c(t) is constant. Since the Finslerian indicatrix surface is arcwise connected this means that it is a sphere with respect to the averaged Riemannian metric.
Theorem 2. For a three-dimensional non-Riemannian Finsler manifold, the compatible linear connection with totally anti-symmetric torsion tensor must be of the form
where ∇ * is the Lévi-Civita connection of the averaged Riemannian metric γ and the function f is given by (14) f
Proof.
If the integrand on the right hand side is zero then, by Lemma 1, ∂K p is a Euclidean sphere in T p M with respect to γ. In case of a generalized Berwald manifolds we have linear parallel transports between the tangent spaces. Since the translates of a quadratic surface are quadratic, this means that the manifold is Riemannian. Otherwise we can divide equation (15) to express the function f .
Curvature properties
Let a point p ∈ M be fixed and consider the subgroup G of orthogonal transformations with respect to the averaged inner product leaving the indicatrix ∂K p invariant in T p M. Such a group is obviously closed in O(3) and, consequently, it is compact. If we have a generalized Berwald manifold then the group G is essentially independent of the choice of p because the parallel translations with respect to the compatible linear connection ∇ makes them isomorphic provided that the manifold is connected. On the other hand G must be finite or reducible unless the manifold is Riemannian; see [12, Remark 5] . According to Theorem 1 it follows that Hol ∇ ⊂ G, i.e. the holonomy group of a compatible linear connection is finite or reducible in case of a a non-Riemannian generalized Berwald manifold. Using vector fields X, Y and Z with pairwise vanishing Lie-brackets on a neighbourhood U ⊂ M, the comparison formula (13) says that
because of the Jacobi identity
and the product rule
. Using the vector triple product extension formula
The curvature tensor of ∇ obviously satisfies the curvature property
also holds because ∇ is metrical with respect to the averaged Riemannian metric γ. We are going to investigate the Jacobi identity and the block symmetry.
Lemma 2. The curvature tensor of ∇ satisfies the Jacobi identity Proof. As a straightforward calculation shows
Taking the inner product of both sides with Z (for example) it can be easily seen that the left hand side is zero if and only if Zf = 0 for any vector field Z on the base manifold.
Remark 1.
To complete the list of the classical curvature properties we need to investigate the so-called block-symmetry
especially, if the dimension is 3, then properties (20) and (22) 3.1. The case of finite holonomy group. Suppose that G is finite and, consequently, the holonomy group of the compatible linear connection is also finite, i.e. its curvature is zero. • any local section of constant length is a covariant constant vector field with respect to ∇, consider a trifocal ellipsoid (it is a kind of generalized conics instead of the classical conics of the Riemannian geometry) body defined by the equation
the focal set consists of ±β p , 0 and the constant is large enough to contain the focal points in the interior of the body to avoid singularities. Using parallel transports with respect to ∇ we can extend (23) to each point of the manifold. Note that ±β p in the focal set provide that (23) is invariant under not only the restricted holonomy group but the entire one including possibly reflections about the two-dimensional invariant subspace. Such a smoothly varying family of convex bodies induces a (non-Riemannian) fundamental function F such that it is invariant under the parallel transport with respect to ∇.
